Abstract. Let G be a finite simple graph. In this paper we will show that the binomial edge ideal of G, J G is toric if and only if each connected component of G is complete and in this case it is the sum of toric ideal associated to bipartite complete graphs.
Introduction
Let G be a simple graph on the vertex set [n] = {1, · · · , n} and K a field. Herzog, Hibi and Hreinsdotir [6] and Ohtani independently in [7] introduced binomial edge ideal J G in R = K[x 1 , · · · , x n , y 1 , · · · , y n ] attached to G and studied their algebraic properties. They proved that J G is a radical ideal and answered the question of when J G is a prime ideal.
The following conditions are equivalent [7] i) G is complete around all vertices of G. ii) Each connected component of G is a complete graph. iii) J G is a prime ideal. In this paper we answer to the question of when J G is a lattice ideal and we will show that [theorem 3.2] J G is a lattice ideal iff J G = I G 1 , · · · , I Gr where Proposition 2.1. a)Suppose that G has an isolated vertex 1, and G ′ is the restriction of G to
Let E(G) = {e 1 , · · · , e q } and f e = x i x j where e = {i, j} ∈ E(G) and
Consider the graded homomorphism of K−algebras:
is the sub algebra of K[X] generated by f e 1 , · · · , f eq . The kernel of ϕ,I G , is the toric ideal of K[F ] with respect to f e 1 , · · · , f eq , named the toric ideal associated to G.
Let M be the n × q adjacent matrix of G. Then
This ideal I G when G is a bipartite graph can be characterized by combinatorics properties of G. see [3] Let W = {v 0 , v 1 , · · · , v r = v 0 } be an even cycle such that f i = x i−1 x i . As
is in I G . One says that T W is the binomial associated to W . Let G be a bipartite graph then I G is generated by T W where W is an even cycle. In particular, if G is bipartite complete graph K 2,n with S = {s 1 , s 2 },T = {t 1 , · · · , t n } we have
By a lattice we consider a finitely generated subgroup of Z n . A partial character ρ is a homomorphism, noted by ρ too, from a sub lattice L ρ to the multiplicative group K * = K − {0}.
For a partial character ρ we define I(ρ) the Laurent binomial ideal in
We let m + , m − ∈ Z n + denote the positive part and negative part of a vector m ∈ Z n . For a partial character ρ, we define the ideal
Note that I + (ρ) = I(ρ) ∩ R and so
We call an ideal I in R a lattice ideal if there exist a partial character ρ such that I = I + (ρ) ii) The ideal J G is a lattice ideal.
